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Abstract: In this paper, we solve the reversibility problem for DNA codes over the non-chain ring Ry s =
Faonlus, ..., us]/(ud —u1,...,u2 —us). We define an automorphism 6 over Ry s which help us both
find the idempotent decomposition of Ry s and solve the reversibility problem via skew cyclic codes.
Moreover, we introduce a generalized Gray map that preserves DNA reversibility.
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1. Introduction

The DNA consists of four bases (nucleotides), namely Adenine (A), Guanine (G), Cytosine (C) and
Thymine (T). Those bases are lined up by the Watson-Crick complement (WCC) rule. WCC ensures
that A pairs with T (A° =T, T¢ = A) and C pairs with G (C¢ = G, G° = C). Adleman, in [3], used the
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structure of the DNA to solve a seven-node instance of the Hamiltonian Graph problem, an NP-complete
problem similar to the travelling salesman problem. Since then, using DNA in other computational
problems has become a focal point of research in many platforms. As further applications of this idea,
for example in [4] and [7], the researchers used DNA to break the Data Encryption System.

The DNA has also attracted the attention of researchers in working in Coding Theory, as it acts
very much like an error-correcting code, when replicating. The work in DNA coding has been done
using different approaches and tools-alphabets, such as DNA single basis ([2, 11, 24, 25]), double bases
([5, 12, 19, 27]), and multiple bases ([6, 14, 20-22]) over various fields and recently, rings with complex
structures. DNA codes have been studied in the context of different constraints such as the Hamming
distance constraint or the GC content constraint. In the works where multiple bases are matched with
elements of an algebraic structure, the problem of reversibility arises, and this has been solved in the
literature by using different methods.

The reversibility problem while working with algebraic structures that have more than four elements
can be explained by the following example: Let R; 1 be the ring Fy2[u1]/(u? — uq) which has 162 = 4%
elements. To make a correspondence between the elements of R;; and DNA multiple bases, we need to
map each element of the ring to a DNA 4-bases. Let (a1, ag,a3) be a codeword over R; ; corresponding
to ATTCGAACTCCG (a 12-string) where a; -ATTC, ag =GAAC, ag =TCCG and aq, ag, a3 € Ry 1.
The reverse of (ay, s, as) is (ag, @z, 1), and (as, @z, aq) corresponds to TCCGGAACATTC. However,
TCCGGAACATTC is not the reverse of ATTCGAACTCCG. Indeed, the reverse of ATTCGAACTCCG
is GCCTCAAGCTTA. This deomnstrates that reversing the entries in the codeword does not lead directly
to the reverse of the DNA sequence if we are working on an alphabet that has more than four elements.

In this work, we focus on extending the problem introduced in [13] and study reversible DNA codes
over Ry s = Fyarfug, ..., us]/(ud —uy, ..., u%—us) where u;u; = u;u,;. To make a correspondence between
the DNA sequences and the ring Ry, s, we map each ring element to a DNA 2571 k-bases (2°*1k-mer). We
establish a generalized Gray map that preserves DNA reversibility. Moreover, we obtain good examples
of reversible DNA codes from skew cyclic codes over Ry .

One motivation for considering a multi-base to element approach that we use in this work can be
explained as follows. Recent studies have shown that components related to DNA, such as transcription
factor, binding sites, genes, proteins etc., are composed of k-bases, i.e., they can be decomposed into
k-base components that have meaningful interactions as opposed to single bases. Some of the recent
research on the DNA has been focusing on finding the role of the specific k-bases. For example, in [18],
the DNA 8-bases (8-mers) are listed from special areas including binding sites that have an important
role in opening/closing the genes for producing proteins. In [18] (Table 6), the frequencies of 8-mers
are listed and it has been demonstrated that the top area of the lists are important to identify binding
sites where reversible-complement DNA 8-mers have been shown to appear intensively. Moreover, finding
meaningful paths in DNA by using algebraic codes would potentially open up interesting research venues
in understanding DNA and its related areas.

The rest of the work is organized as follows. In Section 2, we give some of the preliminaries about
the DNA and codes over a special family of rings. In Section 3, we describe a decomposition for the ring
family Ry s to better understand its structure. In Section 4, we consider reversible DNA codes over Ry o
together with some good examples of DNA codes obtained in this way. We finish with some concluding
remarks and possible directions for future research.

2. Preliminaries and definitions

In this section we give basic definition of skew cyclic codes and reversible codes and we introduce
skew cyclic codes over Ry s. Skew cyclic codes were first introduced by Boucher et al. in [8]. They
generalized cyclic codes by using skew polynomial rings with an automorphism 6 over the finite field with
q elements (F,). The definition of skew polynomial rings is given below.
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Definition 2.1. [16] Let R be a commutative ring with identity and 6 be an automorphism over R. The
set of polynomials R[x;0] = {ao + a12 + ... + an_12"t|a; € R,n € N} is called the skew polynomial ring
over R where addition is the usual addition of polynomials and the multiplication is defined by xa = 0(a)x
(a € R) and extended to polynomial multiplication naturally.

A skew cyclic code is defined to be a linear code C' of length n over F, satisfying the property o(c) =
(0(en-1),0(cg),....,0(cn-2)) € C, for all ¢ = (co,c1,....,cn—1) € C [8]. In skew polynomial representation of
C, we can consider a codeword ¢ = (cg, ¢1, ..., ¢p_1) of C as a polynomial ¢(x) = co+c12+. .. +cp,_12" 1 €
F,[x;6]. In this case o(c) corresponds to the polynomial zc(z) in Fy[a; 0]. If the order of 6, say m, divides
n then C corresponds to a left ideal of the quotient ring F,[x;60]/(x™ — 1) (in [8]), else F,[z;6]/(z™ — 1)
is not a ring anymore but we can consider C as a left F,[x; #]—submodule of F[x;6]/(z"™ — 1) (in [23]).
In both cases C' is principally generated by a monic polynomial g(x) which is a right divisor of ™ — 1
in Fy[z;0]. One of the attractive features of studying skew cyclic codes is that, factorization of 2™ — 1
is not unique in Fy[z; 0], so we have much more generating polynomials in contrast with cyclic codes.
Thanks to their rich algebraic structure, many new good codes with parameters exceeding the parameters
of the previously best known linear codes have been obtained in both [8] and [1]. There are many other
studies done by considering skew polynomial rings over different rings instead of finite fields, such as skew
cyclic codes over Galois rings ([9]), finite chain rings ([17]), non-chain rings such as F, + vF, ([15]) and
F, + uF, + vF, + uvlF, ([26]).

In this paper, we study a family of rings Ry s = Fyex[ug,...,us]/(u} — u1,...,u? — us), where

k,s > 1 and u;u; = uju;. Rp s is a commutative non-chain ring with characteristic 2 and cardinality
42k2° _ 42Tk

We use the following automorphism to define skew cyclic codes over Ry 5. Let

0 :Rk,s — Rk,s

k
a — at Va € T,

u, —u; +1Vie{l,...,s}

Then 6 is an automorphism over Ry ¢ of order 2. Naturally Ry s[z;0] is a skew polynomial ring and a
skew cyclic code C of length n over Ry, corresponds to a left Ry, s[x; 0]-submodule of Ry, s[z;0]/(z™ —1).
Whenever g(z) is a right divisor of ™ — 1 in Ry s, the left Ry ¢[x;6]-submodule C' = (g(x)) is a skew
cyclic code over Ry ;. But not all skew cyclic codes over Ry, are principally generated. In this study
we focus on only principally generated ones. The factorization of £ — 1 is not unique in Ry, s[z; 6], since
Fy2n[x; 0] is a subring of Ry s[z;6] and the factorization of ™ — 1 is not unique in Fyex[x;6]. So, there
are many different right divisors of ™ — 1. This algebraic property provides us an advantage for finding
right divisors with special properties (palindromic and #—palindromic) in Section 4.

Definition 2.2. Let C be a code of length n over Fy. If ¢ = (cn-1,Cn—2,...,c1,c0) € C for all ¢ =
(cosC1yeeeyCn—1) € C, then C is called a reversible code.

3. Decomposition of R ,

In this section, we introduce a method to find idempotent decomposition of the ring Ry s. By using
the decomposition of Ry s we define a Gray map which preserves DNA reversibility.

Our aim is to establish a correspondence between the elements of R s and DNA 25+1k-bases in such
a way that the reversibility problem is solved by using skew cyclic codes over Ry, 5. First of all we need to
express the elements of Ry  in a unique way. Let us arrange the elements of the form uj'u5? ... u%* in an
order. Let A be the set of such elements, i.e. A = {uj'us?...ul*|r; € {0,1},1 <i < s}. The cardinality

of A is 2°. Define a map

w:A—7Z°
T, T2

,
utug? L ount — (r1,re, .., Ts).
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There are several ways of ordering s-tuples (r1,73,...,7s). We will use the lexicographic order.

Definition 3.1 ([10]). Let a = (a1, 02,...,a;5) and B = (b1, P2,...,Bs) be in Z,. If the leftmost

nonzero entry of the vector difference o — B € Z* is positive then « is greater than [ with respect to the

lexicographic order, and denote it o >1ep . We write ui ug? ... uds >y uflug2 .. uf* if & >per B.

For example; let us put ui,us € Ry3 in order. Since p(ui) = (1,0,0), p(uz) = (0,1,0) and
(1,0,0) — (0,1,0) = (1,—1,0) then uy >es uso.
T ,,T2

Here, we rename the elements of Ry, ; of the form wi'us® ... ul* where r; € 0,1 and 1 <4 <5, as
follows:

1. First consider the following specific subsets of A;
A; = {uf'uy? .. ul|exactly j of r;’s equal 1 the others 0},

where 0 < j < s. So, Ay = {1}, A1 = {u1,ua,...,us}t, A2 = {ujug,ugus...,us_1us}, Ay =
{ujusg ... us}, ete.

2. Arrange the elements of A; with respect to the lexicographic order, and let B; be the array consisting

the ordered elements of A;. For example By = [1], By = [u1,...,us), etc.

3. Then concatenate these arrays as B = [By, By, ..., Bs].

4. Rename the ith element of the array B as U;. For instance, Uy = 1, Uy = uy, ..., Uss_1 =
ULUg ... Ug.

Define the ordered s-tuples of Ry, s as
T = [M(Uo),/l,(Ul), ce ,M(UQs,l)] = [T()7T1, e ,Tgsfl]. (1)
Note that; w(U;) + p(Uas—1-i) =Ty + Tas—1—; = (1,1,...,1) , for 0 < ¢ < 25 — 1.

Example 3.2. Let us consider the ring Ri3 = Fig[ur, ug,us)/(uf — uy,u3 — us,uf — ug). Then A =
{1, u1, ug, uz, uguz, uruz, uruz, urusus} and

BO = [1]’ Bl = [ulvu27u3]7

By = [ugug, uyug, ugus), Bs = [ujugus].

So, B = [1,u1,u2, us, u1usg, U1us, ugug, urusug| = [Uy,Ui,...,Uz] and the ordered 3 — tuples of Ry 3
is; T = [Ty,...,Ts] = [(0,0,0),(1,0,0),(0,1,0), (0,0,1), (1,1,0), (1,0,1), (0,1,1), (1,1,1)]. Any element
o € Ry 3 can be written uniquely of the form o = agUp + a1Uy + ... a7U; where o; € Fi6. Moreover, it
can be easily seen that T; + T7—; = (1,1, 1), for example;

To + T7 = p(Uo) + p(Ur) = p(1) + p(urugus) = (0,0,0) + (1,1,1) =
T34+ T, = ,U,(Ug,) —l-,U,(U4) = M(U3) + /J(’Uq’UQ) = (0,0, 1) + (1, 1,0) = (1, 1, 1).

The following theorem is a result of the Chinese Remainder Theorem;
Theorem 3.3. Let I = {I;} be a set of 2° elements of Ry, s, where 0 <i < 2° —1. If
(i) I} = I,
(tt) LI; =0 fori#j and 0 <i,j <2°—1,
(iii) iy I =1,

then Ry s = IoFy2x @ I1Fyor @ ... ® Ios _1F g2n.
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Now we construct an idempotent set I satisfying these three conditions above. We associate
some elements of Ry, with the s-tuple T;’s as follows. Let T; = (71,72,...,7rs). Then define
I = 0™ (u1)0™(ug)...0™ (us). For example; since T, = (0,0,0,...,0), T3 = (1,0,0,...,0) and
T, = (0,1,0,...,0) we have Iy = ujug ... us, I1 = (ug + us ... us and Iy = ug(ug + 1)us . .. us.

Theorem 3.4. Let I = {I; = 0™ (u1)0™(ua) ... 0™ (us)|T; = (r1,72,...,75),0 < i < 2% — 1}, Then
Rk,s = IoFyor @ [1Fyor @ ... DB Ios_1F g2k

Proof. (i) I? = 1I,.

Each I; has the form (uj, +1) ... (u;, +1)u; 41 ... u;,, where {j1,j2,...,js} ={1,2,...,s}and 1 < d < s.
Since (uj, +1)* = (u;, +1) and u}, = u;, then I} = ;.

Let

I, = " (U1)0T2(U2) ...0" (US) — T, = (7’1,7’2, Ce ,7“5),
Ij = Gml(ul)GmQ(uz) .. Gms(ug) — Tj = (ml,mg, . ,ms).

Since ¢ # j, then T; and T} are distinct so, at least one coordinate r. # m., where 1 < e < s. Without
loss of generality, we may assume that r. = 0 and m, = 1. Then 6" (u.) = u. and 0™<(u.) = ue + 1.
Since uce(ue + 1) =0, we have I;I; = 0.

(iif) Y7, L= 1.

The proof is by induction. For s = 0, Iy = 1. Suppose the induction hypothesis Zfiglli =1
is true for all 0 < j < [. Let us look at the case s = [. Exactly half of the elements of the set
I={Iy,I,...,I5_1} have u; as a factor and the others have (u; 4+ 1) as another factor.

If we take the subset of I which has idempotents with the factor u;, and delete u; from each el-
ement then we have the idempotent set of Ry ;—1, say {Vo,Vi,...,Vai-1_1} thus by induction we have

-1
Z?:o V=1
If we take the subset of I which has idempotents with the factor (u; + 1), and delete (u; + 1) from
each element then we have the idempotent set of Ry ;_1, again.

So,
2t—1 2t=1_1 2l=1_1
Zfizul Z Vit (w+1) Vi
i=0 i=0 i=0

:ul+(ul+1):1.
O

Example 3.5. Let us determine the idempotent set I for the ring R; 3, given in Ezample 5.2. Since
T =[Ty,...,T7] =[(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)], we have

Iy = uyugus,

I = (uy + 1)ugus,
Ir = uy(ug + 1us,
I3 = uyus(ug + 1),
Iy = (ug + 1) (uz + 1)us,

Is = (u1 + 1ua(ug + 1),
IG = ul(u2 —+ 1)(U3 =+ 1),
I7 = (’U,l —+ 1)(U2 —+ 1)(U3 + 1)
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By using the decomposition of Ry s in Theorem 3.4, each element o € Ry, s can uniquely be expressed
asa = qaolg+ar1lh +...+ass_115:_1, where ag, aq, ..., a1 € Fy2r. By using this expression, we define
the following Gray map:

@Ry — Fi%

a — (ag,aq,...,00s_1).

This Gray map is a one-to-one and onto map and can naturally be extended to n-tuples coordi-
natewise. The following propositon allows us to determine the Gray image of an element of the form
a =bgUy+bUy+...4+bys _1Uss_1. The dot product “-" below denotes the componentwise multiplication
of two vectors, for example, (0,1,0) - (1,0,0) = (0,0,0).

Proposition 3.6. Let o = bogUp + b1Uy + ... + bas_1Uss_1 € Ry, s where by € Fyax for 0 <4 < 2% —1.
Then p(a) = (ap, a1, ..., a0s_1) and

ai:ij where 0 < j <2° —1 and j satisfies T; - T; = (0,0,...,0).
J

Proof. Let p(a) = (ag,a1,...,a2:—1). Then @ = agly + a1l1 +. .. + ags_112:_1. Multiplying a by I;
we have

IiOé = aiIi = Iz(boUO + b1U1 + ...+ b23_1U2S_1)
— aul; = bQUQIZ‘ + blUlli + ...+ bgs_lUgs_lli

since I;I; = 0 for i # j. Now let us determine U;I;. Let the ordered s-tuple of I; be T; = (r1,72,...,75)
and the ordered s-tuple of U; be T; = (e1, ea,...,¢es). If rp = e, =1 for some k € {1,2,...,s}, then I;
has (ux + 1) as a factor and U; has uy then U;I; = 0. This means b; does not appear in the result of
L. Otherwise, if either 1, = e, = 0 or 1, # e, for all k € {1,2,...,s} then U;I; # 0 so b; appears in
the result of I;e. Whenever 7, = e, = 0 or 1y # e for all k € {1,2,...,s}, T;T; = (0,0,...,0). Hence
we can conclude that a; = ) b; where 0 < j <2° —1 and j satisfies T; - T; = (0,0,...,0). O

4. Reversible DNA codes over R

In this section we obtain reversible DNA codes from skew cyclic codes over Ry ; by making use of
the Gray map defined in the previous section.

In [20], Oztas and Siap gave a correspondence between the elements of the field Fy2r and DNA
2k—bases. In order to solve the reversibility problem they mapped each g and ﬁ4k € Fy2r to the DNA
2k—bases that are reverses of each other. They gave an algorithm to do this mapping. Let us call
this map with 7. 7 can naturally be extended to a map 7o from IFZ% to DNA 2°T1k- bases as follows;
To(ag, 1y . yans 1) = (T(w), 7(a1), ..., T(gs_1)), where a; € Fyor, 0 < i < 2% — 1.

In our study 84" = 0(B) for B € Fyzx, thus 7(8) and 7(0(3)) are reverses of each other. Briefly, we
say that § and () are DNA-reverses of each other.

Let @ € Ry and ¢(a) = (ag,1,...,a2:21). The corresponding DNA 2°T!k-bases of « is

To(ag, 1, .., 0s—1) = (T(ap), 7(a1), ..., 7(aes—1)) and its reverse is
(1(0(ags—1)), 7(0(cv2s —2)), ..., 7(6(p)))-
In short, we say (g, a1, .., 1) and (0(ags_1),0(ags_2),...,0(ag)) are DNA reverses of each other.

Lemma 4.1. 0(I;) = Ir«_1_; for all j € {0,1,...,2° — 1}.
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P’I‘OOf. Let T] = (7‘1,7‘2,...77“S>. Since Tj + Tgsflfj = (171,...71), then Tgsflfj = (1 — 7'1,1 —
r9,...,1 —rs). Since r;’s are either 0 or 1 and the order of 6 is 2, then 8" = #~"i. Thus,

Ij =6 (U1)9T2 (UQ) A (us) = G(Ij) = 91_“ (ul)el_’“z (UQ) R 91_’”5 (us) = Igs,lfj.

O

Following theorem leads us to solve the reversibility problem directly by skew cyclic codes and it
shows that the Gray map ¢ preserves the DNA reversibility.

Theorem 4.2. Let o € Ry, 5. Then the DNA reverse of o(a) is o(6(a)).

Proof. Let a =aplyp+a1lh + ...+ azs_1lz:—1. Then p(a) = (ap, @1,...,a9:_1), and

0(a) = 0()0(Lo) + 0(ar)0(I1) + ...+ O(ags—1)0(I2: 1)
= (9(0(0)]25_1 + 9(0[1)]25_2 + ...+ 0(&25_1)10
= e(ags_l)lo + 9(0{2s_2)[1 + ...+ 9(040)[2.;_1.
Thus p(8(a)) = (0(aas—1),0(c2s—2),...,0(ap)) which is exactly the DNA reverse of p(«). O

Example 4.3. In [19], Table-1 gives a correspondence between the elements of F1g and DNA 2-bases.
It has similar properties with the correspondence algorithm given in [20]. Table-1 maps each element of
Fi6 and its fourth power to the DNA 2-bases that are reverses of each other.

Consider the ring Ry 3, given in Example 3.2. Let B be a primitive element of Fig and o = 321y +
[‘3[1 + ,8512 + 5313 + I4 + OI5 + 6716 + I7 € R173. Then, go(a) = (ﬂZ,ﬂ, 557537 1, 0,,@7, 1) Using Table-1
given in [19], the corresponding DNA 16-bases is

(8% 8, 6% 8°,1,0,87,1) = (7(8%), 7(8), 7(8°), 7(8%), 7(1), 7(0), 7(87), 7(1))
= (GO, AT, CC, AG,TT, AA,GT, TT).

Also,

0(a) = Iy + B0 + 0Ly + Iy + B120, + B°I5 + I + 551,
= L)0(6(0[)) = (1761370’ 17 612,65a 647ﬁ8)
= n(1,8%,0,1,8'2 %, 8%, 8%) = (TT, TG, AA, TT,GA,CC,TA,CG).

Thus, ¢(a) and ¢(8(«)) are DNA reverses of each other.

The Gray map ¢ can be extended to m—coordinates. For ¢ = (cg,...,¢p—2,¢n—1) € Rg , we
have o(c) = (¢(co),- .-, 0(cn-2),p(cn—1)). In this case the DNA reverse of ¢(c) will be ¢(0(c)") =

((0(n1)), @(B(cn—2), . p(6(co))) where () = (B(co)s . ., O(cn—2), O(ca1)).

Definition 4.4. Let C C Ry (. If the DNA reverse of p(c) exists in p(C), for all ¢ € C, then C or
equivalently p(C) is called a reversible DNA code.

Definition 4.5 ([14]). Let f(z) = ap+a1x+...+ax’ be a polynomial of degree t over Ry 5. f(z) is said
to be a palindromic polynomial if a; = a;—; for alli € {0,1,...,t}. And f(x) is said to be a 0-palindromic
polynomial if a; = 0(ay—;) for alli € {0,1,...,t}.

Let C be a skew cyclic code of length n over F, with respect to an automorphism ¢’. If the order of
0" and n are relatively prime then C is a cyclic code over F, [23]. Similarly, any skew cyclic code of odd
length over Ry s with respect to 6 is a cyclic code, since the order of 8 is 2. For this reason we restrict
the length n to even numbers only.
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Theorem 4.6. Let C = (g(z)) be a skew cyclic code of length n over Ry, s where g(z) is a right divisor of
" — 1 in Ry s[x; 0] and deg(g(x)) is odd. If g(z) is a O-palindromic polynomial then p(C') is a reversible
DNA code.

Proof. Let g(x) be a #-palindromic polynomial and t = n — deg(g(x)). Recall that ¢(c) and ¢(0(c)")
are DNA reverses of each other. Note that, we do not distinguish between the vector representation and
the polynomial representation of a codeword in Ry .. For each ¢ € C, c(z) = Z:;é Bix*g(x) for some

Bi € Ry,s, since C = (g(x)). Then the DNA reverse of ¢(c) is ¢(c’) where ¢'(z) = Ef;é 0(B:)xt1g(x).
Since ¢ (z) = >, 0(Bi)x' "1 ~g(x) € C, then p(c’) € p(C). Hence, ¢(C) is a reversible DNA code. [
Theorem 4.7. Let C = (g(x)) be a skew cyclic code of length n over Ry, s where g(x) is a right divisor of

™ — 1 in Ry s[x; 0] and deg(g(z)) is even. If g(x) is a palindromic polynomial then ¢(C) is a reversible
DNA code.

Proof. Let g(z) be a palindromic polynomial and t = n — deg(g(z)). For each ¢ € C, c¢(x) =
Zf;é Biz'g(x) for some B; € Ry, since C = (g(x)). Then the DNA reverse of ¢(c) is ¢(c’) where
¢(2) = Xise (8" g ().

Since ' (z) = >, 0(B;)xt " "tg(x) € C, then p(c’) € ¢(C). Hence ¢(C) is a reversible DNA code. [

In Remark 1 of [13], an illustration of proofs has been given for the case k = 1 and s = 2, i.e. for
the ring Ry 2 = Fi6 + u1F16 + u2lF16 + u1u2lF16. This simple method works for all rings Ry .

Example 4.8. Let us consider the skew polynomial ring Ry 3]x;0]. Let B be a primitive element of Fyz,
then

2® =1 = h(z)g(x) =1+ (B(ug + ug) + 1)z + (B(us + ug) + 57)a? + 2]
[1+ (B(ug +u3) + Bz + (B*(uz + uz) + Bz + 2% € Ry 3[x;0).

Since g(z) = 1+ (B(ug +ug) + B7)x + (B*(ug + uz) + B13)2? + 23 is a O-palindromic polynomial with odd
degree then C' = (g(x)) is a reversible DNA-code over Ry 3.

Example 4.9. Let us consider the skew polynomial ring Ry 3]x;0]. Let B be a primitive element of Fyz,
then

2% — 1= h(x)g(x) =1+ (B + u1 + uz)z + 27
(14 (B +uy +ug)x + (B + uy +uz)2® + 2% € Ry 3[z;0].

Since g(x) = 1+ (B +uy +ug)x + (B +uy +uz)a® + x* is a palindromic polynomial with even degree
then C = (g(z)) is a reversible DNA-code over Ry 3.

5. Conclusion

In this study, we solve the reversibility problem for DNA codes over non-chain ring Ry s. We use
skew cyclic codes which provide a direct solution for finding reversible DNA codes. This method that
is based on non-commutativity property of the ring has proven to be more compact and more feasible
than the commutative counterparts (e.g. [5, 19, 20]). Generalization of Ry s = Fyer[u1,. .., us)/{uf —
U1, ..., u? — ug) by changing powers of u; (i = 1,2,...s) and obtaining optimal codes are open problems.
There are just a few papers on k-mer based DNA codes including this one. Investigating the reversibility
problem over different rings is an interesting problem. Further, relating these theoretical findings to real
DNA data is even more interesting and challenging problem.
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